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Analysis of the intraspinal calcium dynamics and its implications
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The influx of calcium ions into the dendritic spines through the N-methyl-D-aspdNai®A ) channels is
believed to be the primary trigger for various forms of synaptic plasticity. In this paper, the authors calculate
analytically the mean values of the calcium transients elicited by a spiking neuron undergoing a simple model
of ionic currents and back-propagating action potentials. The relative variability of these transients, due to the
stochastic nature of synaptic transmission, is further considered using a simple Markov model of NMDA
receptors. One finds that both the mean value and the variability depend on the timing between presynaptic and
postsynaptic action potentials. These results could have implications for the expected form of the synaptic-
plasticity curve and can form a basis for a unified theory of spike-time-dependent, and rate-based plasticity.
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[. INTRODUCTION receptive field formation on the basis of STOIB]. We have
recently proposed a unified theory of synaptic plastifii§]
Calcium ions are ubiquitous mediators of metabolicbased on the following assumptior(4) the level of intrac-
change in many cellular systems. In the cortex, they are begllular calcium concentration determines the sign and mag-
lieved to be the primary chemical signal for the induction ofnitude of synaptic plasticity17—19—when calcium falls
bidirectional synaptic plasticity1—3], which is widely ac- below a thresholdy, no plasticity occurs, when it falls be-
cepted to be the basis for many forms of learning, memorytweenéy and 6,, 6,> 64, LTD is induced, and for calcium
and development. aboved,, LTP is induced;(2) the relevant sources of cal-
Experimentally, bidirectional synaptic plasticity can be in- cium are the NMDA channels; and3) dendritic back-
duced by various different induction protoc®s—6], includ-  propagating action potentialPAPS contributing to STDP
ing the recently characterized spike-time-dependent plastidiave a slow “after-depolarizing” tail component. We have
ity (STDP [7,8]. In this induction method, if a presynaptic shown that these simple assumptions are sufficient to ac-
action potential occurs within a window of a few tens of count for the various experimental plasticity-induction pro-
milliseconds before a postsynaptic action potentialA{  tocols. In addition, this model has also produced previously
>0), long-term potentiatiofLTP) is elicited; if the order is uncharacterized predictions, such &s) the shape of the
switched At<0), long-term depressiof.TD) happens. In- STDP learning curve should be frequency-dependentland
terestingly, STDP and many other induction protocols share there should be a novel form of spike time-dependent LTD
common property, which is their dependence on the amourfor At larger than the LTP-inducing intervals. Recent experi-
of integrated activation of the N-methyl-D-aspartate recepmental results are consistent with these predict{[@@s21.
tors(NMDAR) during conditioning. NMDAR are natural co- In this paper, we present a systematic calculation of the
incidence detectors; their activation relies both on the efficalcium transients as a function of prespike and postspike
ciency of neurotransmitter release from the presynaptic celimings, as well as of the neuronal firing rates. In Sec. Il we
and on the level of depolarization of the postsynaptic cellderive the solution for the mean calcium transients in the
Most remarkably, they are permeable to calcium ions, whictsimplest case where the BPAP consists of a single exponen-
suggests a functional link between calcium influx throughtial, and show that its dependence dhis rather intuitive. A
NMDAR and the induction of LTP and LTD. more realistic approach is taken in Sec. Ill, where the BPAP
Recently, several dynamical models have been proposed composed of a sum of two exponentials with different time
to account for STDP9-12], the relationship between STDP constants. This more complex assumption is in closer agree-
and rate-based models has been examined using averagimgent with our previous work16] and is consistent with
methodd 13,14, and there have been attempts to account foexperimental observatio&2]. The analysis shows that the
slow component contributes for different calcium levels in
the baseline conditiofpre only and the post-pre condition
*Present address: Department of Neurobiology and Anatomy(At<0), while the fast component sharpens the difference
The University of Texas Medical School at Houston, Houston,of the calcium levels in the transition between post/pkeé (
TX 77030. Electronic address: harel.shouval@uth.tmc.edu <0) and pre/post4t>0) conditions. The sharpness of this
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transition is shown to be further enhanced by the appropriaterwise mentioned, we replace the stochastic varidliby
choice of the calcium decay time constant. For completenesits mean without change of notation. Thus, for a single pre-
in Sec. IV, we study the effects of calcium accumulation duesynaptic spike at time¢°'®, we can write

to repetitive firing which affects the rate-dependence of some

plasticity-induction protocols including the STDP learning f(1,tPe) = u@(t—tPre)e -t /my (4)
window. Finally, in Sec. V we take into account the stochas- ) o ) ) B

tic properties of synaptic transmission and estimate the trialvhere © is the Heaviside function and is the probability
by-trial variability of the calcium transients. This variability that @ channel will open given a presynaptic AP. Let us as-
can be significant if the number of postsynaptic NMDAR in Sume that the postsynaptic depolarization is dominated by
each spine is small. Our analysis demonstrates that this vari'® BPAP. Thereforey in Eq. (3) can be written as

ability depends ort, increasing withAt for At>0. These

- posty _ +
results could significantly alter the form of the STDP curve V(.tP9%) =Vg+Ve(t) ®)
under different experimental conditions.

P —Vp+ 00O (t—tPoshe (- 1P*%)/mg (6)
IIl. ANALYSIS OF CALCIUM INFLUX THROUGH NMDAR whereVy, is resting membrane potential, axg(t) describes

The postsynaptic calcium ions are removed from the inthe dynamics of a BPAP W'tht magnitudedue to a postsyn-
traspinal compartments both through diffusion and througtPtic AP occurring at time?®®. In general H is a nonlinear
binding to calcium buffers. Let these phenomena be chara@"d nonmonotonic function o. For tractability, we will
terized by a single time constant and assume that the Make amajor simplification by linearizing tte function in

calcium dynamics follow a first-order linear differential the interval[Vg,Ve+u],
equation. H(V)=a+bV. %)
le(t)—l[Ca], 1) The original H function used and its linear fit are dis-
dt T played in Fig. 10. In Appendix B, we assess the validity of
this approximation. By using Eq$4) through (7), Eq. (3)

where[Ca] is the intracellular calcium concentratior(}) is becomes

the inward calcium current, angdis the time constant of the
passive decay process. This simple dynamics is to the first | (¢ tpre tPosth —gra+ bVg+ by @ (t—tPos)
approximation consistent with experimef3,24. Given a

initial condition[Cal(0), Eqg. (1) has a solution of the form ><e*(t*tpost)/fs),u@(t_tprE)e*(t*tpre)/rN
i [ =gu(a+bVe)O(t—tPe)e (-
[Cal(t)=e Y7 f e!7I(t")dt’ +[Ca](0) |. (2 R
0 +gubv® (t—tPoSYO (t—tP'®)
Note that if the calcium current is a superposition of sepa- 4o (t-tP) my = (t-tPOSY /g
rate current sources, the calcium concentration can also be
decomposed into such a sum. =1Pre(t)+ 1/ (1). (8)

In this paper we consider the NMDA channels as the sole
source of calcium currents. These channels are voltage- The current separates into two components, one that de-
dependenf25], and have a long open time that can usuallypends only on the timing of the presynaptic AP'¢) and a
be described as a sum of two exponent{@§], thus their =~ second, associative term that depends on the relative timing

currents can be generally described as between the presynaptic and postsynaptic AP 7). The
o oste associative term will give rise to the differences between
I(t,{tPTe},{tPOS}) =gH(W)f, (3 pre/post and post/pre conditions, which is essential to STDP
learning.

where{tP'®} and{tP°*} are the sets of times of presynaptic | ot At=tPoSt_tPre |t is straightforward to show that
and postsynaptic action potentidsPs) that occurred prior

to timet andg is the mean total conductance of the popula- |+ k@(t_tpost)e—(t—tposwfl if At>0
tion of NMDAR in a synapse. The{-function represents the | +-={ Pe8 e 09
voltage-dependence of calcium influx through NMDAR, and | peal®@ (t—tP&)e~ ("170/m otherwise,

f is the fraction of NMDAR in the open state. It is easy to see

that V=V(t,{tP} {tP°}) and f=f(t,{tP"®}), where the Where ri'=r3"+7y", and I .,=1,0.(At) and |-

time-dependence dfis a double exponential. =17 (At) denote the peak magnitudes of the pre/post com-
In this section, however, we will focus on the simple sce-ponent of the calcium current faxt>0 andAt<O0, respec-

nario of a single pair of presynaptic and postsynaptic APstively:

where the dynamics of the NMDAR and the BPAP are de-

+ —a N
scribed as single exponentials with time constangsand lpeal At)=gubve™2m, (103
g, respectively. We will leave the more realistic two- B o At/
component-BPAP case to the following section. Unless oth- | pead At)=gubve™""e. (10b
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0.08 Integrating explicitly, we have

0.07,

0.06 [CalPre(t) =gu(a+bVg) 70 (t—tPr¢) (e -t

g 0.05 — e (t=tP)m) (124)
el 0.04
1E oo [Cal" (1) =1 peams® (t— PO (e~ (-7 mi—g=(=t%Ir),
0.02 (120)
0.01
[Cal ™ (1) = poairs® (t—tP&) (e (P e (=0 )
S0 S0 0 30 200 (12¢)
At (ms)

o ) WherETZTl:T_l—T,]l and7'371=7'_1—7',§1—7'§1.
. FtIG 1.fﬁstsg:kl)a_tnllesiolnaggnerlt(;)fgthe_pggk c\;/alcuur_nlcg:)rrent asa Examples of calcium transients are displayed in Fig. 2,
alJnndC IOE 200 m-s go=1. y u=0.0,v=00 MV, 7= ms, where [Ca]pre/post:[ca]pre_l_[ca]-%— and [Ca]poszre

8™ ' =[CalP"®+[Cal~ . Naturally, the[ Ca]P"® term is identical

The dependence of the peak currentAanis quite simple fZ(ZL)ch f_re;pfostr';g‘ c?g?d%u;;ga?ﬁ]a daﬂgygthfhgojit&gg%e
(Fig. 1). For At>0 it decays exponentially with the time betv;/eer:these conditions lies in the associative t@tash-
constant of the NMDAR open probabilityy ; whereas for ; P -+ _ .post _

. . . . . dotted ling. [Ca]™ raises at the point=tP°s' and [Ca]
At=0 it decays withrg, the width ofVg(t). It is straight raises at=tP'¢, their relative amplitudes being determined
forward to see that, iAt<O yields calcium levels corre- by | /- F_ 1’ P 9
sponding to LTD, and if to each calcium concentration is Y Ipeak (Fig. 1).
associated a degree of plasticity, there should bBta0 ) 5sck PROPAGATING ACTION POTENTIAL WITH
region that also corresponds to LTD. The difference is that,

- . o TWO COMPONENTS
sincerg<<7y, 64 in the post/pre region is reached for values

of At much closer to zero than it is for the pre/post region. The model described in the preceding section assumes
Such difference will be even greater in the case where thenatV(t) decays exponentially with a single time constant.
dynamics of the BPAP is described by two time constantsHowever, there are experimental indications that an addi-

instead of ondsee Sec. Il . _ tional slow after-depolarizing component exists in some cell
Using Eqgs.(8) and(9), we can rewrite Eq(2) in terms of  bodieg27] and dendrite§22,28. The dynamics of the BPAP
each of the components of the calcium current, defines to what extent the postsynaptic spike-timing interacts

pre N with the presynaptic one; in particular, a slower decaying
[Cal(t)=[Cal’"™(t) + O (AD)[Ca]" (1) process ensures that such interaction spans for a period of

+O(—At[Ca~(t)+[Cal(0)e ", (1D tens_of miII_iseconds, as required by_ the STDP learning rule.
In this section, we consider th&(t) is composed by a sum

with of two exponentials, with a slow} and a fastry, time con-
stants, respectively. Equatigf) should therefore be rewrit-
_ , ten as
[Ca]pre(t) =e t/rf Ipre(t/)et /rdtr, (123
V(t,tP2) =V +0v @ (t—tP°%)
' _ (t—tpost, T _(t_tpost, S ,
[Ca]+(t):e—t/7'f |+(tr)et /’Tdt/, (12b) X[Ufe (t—t I)/TB‘FUSG (t—t t)/rB]' (6)
wherev®, vf, 75, and 7 are the relative amplitudes and
[Ca]‘(t)=e“’7f I‘(t’)e"”dt’. (120 ';rg]de constants of the slow and fast components/gft),
(AAt=+10ms (b)At=~-10ms
08 — [Ca]pre/pm{ 0.8 _ [Ca]pm,/P,.e
0.7 -~ [Ca* 0.7 - (Cal” FIG. 2. The dynamics of the total calcium
0.6 --- [Ca)P 0.6 --- [Ca]”® (solid line) is composed of two different contri-
— 05 05 butions: the calcium due to the prespike alone
§ ’ § ’ (dashed lingand the calcium due to the associa-
= 0‘4, =04 tion of prespike and postspikeash-dotted ling
o3 S o3 ag=1.03x10"!, Vg=—65mV, =50 ms,
02 02 [Cal(0)=0 and the onset ofy,. is at time zero.
’ The remaining parameters are as in Fig.(d).
0.1 0.1 At=10 ms,(b) At=—10 ms.
R 100 200 300 R 100 200 300
time (ms) time (ms)
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o= [Ca]preipuxl
007 0.5 T (Capre FIG. 3. (a) Associative component of the peak
_bee — (Caf calcium current as a function oAt, for of
£ o0 s AN =0.75,0%=0.25, 75=3 ms, andr§=35 ms. The
2 004 203 N dotted line shows the previous, single-component
3 G AN BPAP result, for comparisonb) Total calcium
LE008 o2t ¥ > transients forAt=10 ms(dashed ling —10 ms
002} ' (dash-dotted linpand[ Ca]P"® (solid line). All the
001} < Olr other parameters are as in Figs. 1 and 2.
S0 0 30 10 150 200 R 100 200 300
At(ms) time (ms)

respectively, ¢%,v")>0p%+v"=1. Analogously to the preceding section, the calcium currents froni%gan be separated
into two components,”® andl */~. IP'® is identical to what we have derived before, where&s reads

O(t—tPosh1 [ e (t—tPosh/al | pSe (t-tPO%/m) if At>0

|+/— t)=

Q)

O(t—tPro)[I L o'e Vg s yse ("] otherwise,

— f
WhereI;eak is as defined in Eq(10a), I;Jak gubvertTs,
| poalc Gubve¥"s. The calcium currentP'®/Post peaks at
=tPos! for At>0 with amplitudel eak and att=tP'® for
At<0 with amplitudel o, =v |peak+U Ipeak Thus, | geak

decays more abruptly than its single-component- BPAP couns

terpart[Fig. 3@)].

where (1) "'=(rb) "ttt (7)) =7 oyt (mp)
and 7§ and 75 are defined similarly tory, but with 73 re-
placing 7F;.

The effect of the slow component of the functidia(t)
n the calcium transients is shown in Figgbi3and 4a).
Since both[Ca]™ and[Ca]” have the same linear depen-

We can again integrate each component of the calciurflence on the magnitude of this slow component, it prima-

currents separately.
[CalP™(t)=gu(a+bVg) 7,0 (t—tP™)

X(e*(t*tpre)/TN_e*(t*tpre)/ﬂ'), (128(’)

[Ca]"( )_Ipeak (t— tpOSI){Ufo(e (t=tPOsh/7y

_e—(t—tPOS‘)/T)+vsT§(e—(t—tP°S‘)/ri
e (=imy, (120")
[Cal ™ () =O(t—tPo){1 o' ri(e ("D g (- 1"%in)
+|—svsTg(e—(t—tPfe)/ri_e—(t—tpfe)/r)}’ (12¢")

(a) (b)
1

rily contributes to the separation between the pre-only con-
dition (diamond, and the associative conditiofisircle and
square.

A longer decaying tail for the postsynaptic variable pro-
vides a longer time interval in which interaction with the
presynaptic variables is possible. Thus, the dynamics of the
presynaptic variable, such as the calcium time constant
will also influence the relative magnitudes of the calcium
transients for the pre-post and post-pre conditions. Indeed,
the combination of a faster calcium kinetics with the differ-
ent BPAP time courses enhances the difference between
these magnitudefFig. 4(b)]. Therefore, a two-component
BPAP model produces a sharper transition of the learning
curve between the post-pre LTD and the pre-post LTP. Initial
estimates of the calcium time constant in the spines were of

- [Cla,l’:;;w FIG. 4. (a) Peak calcium transients as a func-
0.6 (Cal™ tion of the slow component of theg functionv®
for the pre-before-postcircle), post-before-pre

(square, and the pre-onlydiamond conditions.
(b) Relative magnitudes of the peak calcium tran-
sients, between pre and post-pfeircle), and
post-pre and pre-podsquarg¢ conditions, as a
function of the calcium time constant All pa-
rameters are as in Fig. 3.

—o— [Ca]pre/pus! 0.7
— [Ca]pml/pre —
0.8
—o— [Ca)’"¢ Ei
g T
2 o6 S os
—_ S
< o
O 2
= S
% 04 & 0.4
& oé) . Ca postipre
= preipost
02 £ 03 (Cal
£
0
0 0.2 0.4 0.6 0.8 1 0.2 20 40 60 80

v¥ (no units) T(ms)
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the order of 70—-125 mg23,29. However, these values are pe U
obtained through calcium imaging, whose results may de- B.=IlimB,= T (16
pend on the kinetics of the calcium indicators used, limiting noe  1=(1—p)e 7N

the accuracy of the estimates. Recent experimental tech-
niques, in which the effect of the calcium buffers are mini-  With this, Eq.(13) can be written as
mized, have lead to time constants of as low as 20 24§

N-1 __tpre
_ _ n __ypre
IV. RATE-DEPENDENCE OF THE CALCIUM f(t)—n; (Bn+An)eXP( ™ )®(t th'")
TRANSIENTS

. , . XO(—t+tP€)+ (Ay+
In the previous sections we have analyzed the calcium O(=tH ) +(AvtBy)

transients evoked by one pair of presynaptic and postsynap- t—tbre
tic spikes, these have significant implications for STDP at ><exp(
low frequency. However, STDP at low frequency is not the

O(t—tR'®
™~

sole method for inducing synaptic plasticity, and in some N-1 t—tpre
cases even STDP requires that the pairs of prespike and => [Bn(l—,u)+,u]ex;< i )@(t—tﬁre)
postspike are delivered above a certain frequelit21]. n

Thus it is important to analyze the contribution of spike de- < ® pre

. - . - o —t+t By(1— )+

livery frequencyw, to the calcium concentration, in addition ( ns ) [Bu(1=p)tul

to the relative timing effect. We analyze the case in which p( t—tPre
X ex

both presynaptic and postsynaptic neurons fire regularly at N
the same frequency, with the onset of the postsynaptic

spike-train shifted from that of the presynaptic spike-train by ) .
At<1/v. Note, however, that in the most general case the 2We ﬁan dﬁf'qg’ a?alog%usly Itlo E?) ?nltlj the expre_szllon's
number of presynaptic and postsynaptic spikes as well a reait_rou% ( fc) romi_e% o L ? 0 owtljng variables:
their timing differences will vary. =9(a+bVR)f(t), I =gbVe(t)f(t), an

Recall that the NMDA current in Eq.3) is the product

)@(t—tﬁfe). (17

™

between the fraction of opened channig) and the linear- CalPre(t) = _t/Tf [prectr)et' It 18

ized Mg-block functionH(V(t))=a+bV(t), where V(t) [Ca™(t)=e (t)e ' (183
=Vr+Vg(t) omits depolarization due to the excitatory

postsynaptic potentials. For a sequefitg® 8¢, ... tR'¢} - - ,

of presynaptic spike times anftPos! tBost = tPost of [Ca*'~(H=e UTJ [Pre/Posytryet Irdt’. (181

postsynaptic spike times, we can write
Using Eq.(17), Eq. (183 reads

N __¢pre
= - " )@(t—tPre
o nZl Anex;{ ™ )(t ) s [CaPe=ge ""(a+bVR) T,
N-1
M-1 pre
t_tpos X el/yrz_l B.(1— + et /T
Va(t)=v 3 exp<_ - ')@(t_t%ost)m_mm) [( ) 2 [Bo(1—p)+ plet
t—th* try_ othm _ P 7y
+exp<_ N ')%_t&ost), 14 + (72— eNI) [ Byy(1— ) + e 1N
B

(19
whereN and M are, respectively, the total number of pre-
spikes and postspikes before titp@ndA,, is the increase of We use the approximatioB,=B.,, and write the time
the fraction of opened channels upon each prespikeet  indexes with respect to the timing of the first spike,
f(t) be at a leveB,, immediately before the prespikeoc-
curs. If the NMDA opening is proportional to the amount of n—1
nonopened channels, theX,=u(1—B,), where u is the thre=tde+ — (209
fraction of previously closed channels that open due to the v
presynaptic spikex<<1. Writing B,, explicitly for eachn, it

is easy to see that it satisfies the following expression: {pre—gpre lthV— 1' and (200
n—-1 —
. 1_(1_M)ne n/vry
— —ilvry— —1lvry
Brmpy e e iy (49 N=(t- 8w+ 1, (209
and where| | is the floor operation. Evaluating the sum, we have

011907-5



YEUNG, CASTELLANI, AND SHOUVAL

[CaPe=ge ""(a+bVg) o[ B..(1— )+ u]
4
1—ex
vT
=
l-expg —
vT

X (el/(VTz)_ 1)et2re/'r

tpre t tpre

N N

+exp—+ —|—exp—| ¢, (21
TN T T

whereN andtf'® are defined as in Eq$20b) and (200).

To calculate the contribution to the calcium transients due
to the interaction of the presynaptic and postsynaptic spikes,

we substitute the expressiofit4) and (17) into Eq. (18b).
Let tPOS'=tP'®4+ At andtP’S'=tR"®+ At. The indexesn and
M will always refer to the postspikes, while and N will

always refer to the prespikes; for simplicity, we drop the
. Because the de-
polarization due to each postspike does not build up, the

superscripts so thaf'®=t, andtP’*'=t,,

product of the sums given by expressidtg) and (14) will

yield only four terms, due to the interaction of the pairs

{(n,m=1);(n,m);(N,M—1);(N,M)}. These terms are

ftf(t’)VB(t’)dt’
0

=v[Bo(1—p)+ u]

tm-1

"o [t t'—t, t'—
x4 D | Texp — —
n=2 Jt, ™ B
te1 p( Uty Uty
B

t/

t/
—)dt’ (22b)
T

(220

t'—ty t'—ty

+;)dt’}, (220

t
+ 6M,Nf ex;{ -
ty

wheret, =min(,ty,) and we have used th&,=By\=B...
Recalling expression§20a through (20¢), one can easily
perform the integration&22g through(22d). The remaining

PHYSICAL REVIEW E 69, 011907 (2004

At 1) p(At—l/v)
expg ———|—ex
T2

VTR B

. F'(N_l)
—e
Xetgre/_r X VT
1 L
1—exy{—)
vT
oo

1- exp{ )
Xetgf‘-‘/r

1- ex;{ )

vT

(228=13

(22b) T3

At 1 ) p(At—l/u”
T3l eXp —— —| —ex
T VTR B
tﬁre
><exp(7 if (tRe+At)<t,
(220): tﬁlre t tﬁre
T3 exXp — + — —ex%—
T1 T3 T
At—=1/v\
X ex if (tR°+At)>t,
B
tDOSt t tpost
rolexd M L) e M
T1 T3 T
22d) = At
(22d Xex;{—T—) if (tRe+At)<t
N

0 if (tR°+At)>t.

Plots of these expressions are shown in Fig. 5. As ex-
pected, the overall calcium concentration is frequency- and
time-dependent. There is temporal integration of calcium
levels, so that higher-frequency stimulations build up the in-
tracellular calcium concentratidifrig. 5(@)]. In addition, the
At dependence seen in previous sectirig. 5b)] for
single pairs of prespike and postspike is retained. The
amount of temporal integration will naturally depend on the
specific values ofr, 7y, andrg, and so will the difference
between the pre-post and the post-pre conditions, as analyzed
before. For example, slower dynamics would result in more
time integration at moderate frequencies. However, given
these constants, it is possible to set a threshold of calcium

sums are finite power series, therefore they converge. Thuspncentration between LTD and LTRor between no-
the calcium concentration due to the interaction between prplasticity and LTD that would correspond to low- and high-

esynaptic and postsynaptic spikes will be

[Cal"'~=ge "bu[B.(1—p)+u]

{(228+(22b + (220 +(22d}, (23

with each of the terms being

frequency STDPs, respectively.

We now extract an expression for the dependence of cal-
cium transients om\t and onv in the limit t—o. Lett
=tR"°+ 8, where the new variablé tracks the time since the
last presynaptic spike, and defing=g(a+bVg) [ B..(1
—u)+u] and y,=9bVg73[ B.(1—u)+ u]. Fort—ew and
At<§, we have
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[Ca] (uM)

(aAt=+10ms

[Ca] (nM)

0

[cal(8)= nef’f{ o2+

200 400 600 800 1000
time (ms)
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(b) Frequency = 5 Hz

s At=—10ms
— At=+10ms

FIG. 5. (a) Rate-dependence of the calcium
transients as derived in expressig@ga through
(22d) for At=10 ms at 5 Hz(solid line) and 10
Hz (dashed ling (b) Calcium transients at 5 Hz
for At=+10 ms(solid line) and At=—10 ms
(dotted ling. All parameters are as in Fig. 1.
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V. STOCHASTIC PROPERTIES OF CALCIUM INFLUX

In previous sections we have calculated the mean calcium
transients under various conditions and assumptions. How-
ever, synaptic transmission is a random process and trial-by-
trial calcium transients deviate from the mean. One source of
variability is the stochasticity of the presynaptic neurotrans-
mitter release. A failure of release at a given synapse would
result in eliminating the postsynaptic calcium transient at
that synapse. Although this source of variability can be sig-
nificant, its consequences are simple to predict, because the
absence of release will result in no synaptic plasticity in the
specific spine. Another source of variability is the stochastic-
ity of the postsynaptic opening of NMDA channels. Because
the number of NMDAR at each synapse can be sifallO)

[30], these fluctuations could be considerable.

In this section, we calculate the variability dueZd\M-

DAR in the postsynaptic terminal. We assume the following
simple Markov model: the state vect®,(t) denotes the
probability of being in each one of thepossible states and
the transition matrixR,, represents transition probabilities
from state to state. For a Markov processes, the evolution
equation has the form

These expressions show how the peaks of the calcium tran-
sients depend on the timing and on the frequency of th%\/ith the solution
presynaptic and postsynaptic spikes. As the frequency in-

creasegFig. 6(a)] the At-dependent curves move up due to
temporal integration, and the difference between pre-post

and post-pre conditiong=ig. 6(b)] becomes smaller.

peak {Ca)(uM)

()

peak [Ca] (uM)

(b)

dP, _
W_Rnpna (26)
t
P.(t)= Pn(O)exr( J Rndt/) ' (27)
0

FIG. 6. (a) Peak calcium transients as a func-
tion of the timing between presynaptic and
postsynaptic spikes for three different frequen-
cies: 1 Hz(circle), 5 Hz (squarg, and 10 Hz(tri-
angle. (b) Peak calcium transients as a function
of frequency for pre-posisquar¢ and a post-pre

- - 10ms (circle) conditions.
—&— +]0ms

5

frequency (Hz)

10

15 20
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whereP,(0) is the initial condition. However,(Zs;(t))=Z{s;(t))=Zp°(t), thus the calcium
In the simplest model the process has only two states;oncentration for give NMDAR is
unboundu and open-bouna,

t r
k,G <[Ca](t)>z=Zgle*t’ffﬂodt’et TpO(t ) H(t). (33

Expression (33) is similar to Eq. (2) since I(t)

u 0, =ZgH(t)p°(t). We have calculated this integral in Sec. Il
— for the different casegpre-only, pre-post, post-pre condi-
K 28) tions). These assumptions are equivalent to the simple Mar-
-1

kov model assumed here. This result is shown in E§8)

whereG is the glutamate concentration, akdandk_, are ~ and(33). We note that[ Cal(t))z=Z([Cal(1)), X

the forward and backward time constants, respectively. The variance forZ ZNMDAR has the form o3(t)
This model is clearly simplified: typically, a five-state ={[Cal*(t))z—([Cal(t))7. The second moment of the cal-

model is used to account for NMDAR kinetics. However, it Clum concentration foZ NMDAR is

is sufficient for describing the single exponential decay ki- .

netics we have assumed for the NMDAR_ since, dgnng de- ([Ca]z(t)>zzgze‘2”7f dt’dt”et"Te""TH(t’)H(t")

cay, G=0 [see E(.(31), below]. The transition matrix for —o

this model is 2 2

><<_2 si(t) > sj(t")>
i=1 =1

kG k., ) 9

R, ( k,G —k_;. .
. . . :g2872t/7J< dt/dt//et'lfet"/rH(tr)H(tn)
where G is the neurotransmitter concentration. We assume —o
that G has a constant, nonzero value for only a limited 2
amount of time. We are primarily interested in the falling % 2 POt 1)
phase G=0) of the NMDAR current. =
We denote byp" and p® the probabilities of being in the
unbound and open states, respectively. Sipite p°=1 the  where pﬁ"(t,t’) is the joint probability of having channél

(34)

differential equation fop® reads open at timet and channej open at timet’. We assume
_ independent identical channels, therefore iférj we have
p°=k,;G—p°(k;G+k_,). (30 pit,t")=p°(t)p°(t’), and wheri=j, pi°(t,t") is defined

_ . - asp°(t,t"). We therefore have that
For a constant value d@, the solution of this equation is

t
<[Ca]2(t)>zzg2672t/rf dt/dtrret'lret”/rH(tI)H(tn)
o(t)= =+ Ce RaG Tkt 31 —
PO~ (G, (3D
X[Z(Z=1)p°(t")p°(t") +Zp°(t',t")]
where the constar@ is determined by the initial conditions. 5 2 o _otfr
During the falling phase@=0) the time constant has the =9°Z(Z-1)([Cal(t))*+g°Ze

value y=1/k_;. The solution takes the formp°(t)

t ! n
=pue YN, whereu can now be defined more precisely as XJ dt’dt"e!/7e! TH(t" ) H(t") p°(t’ t").
the open probability at the start of the falling phase. The total ‘°°
calcium current throughZ identical NMDAR is I(t) (35

=37 5gH(V(t)), whereg is the single channel NMDAR _ _ _
and 0 when in closed and unbound states. To simplify thdAR is
notation we rewrite EqQ. (7) as H=Vy+V,;0(t

0s t ’ "
— tPosh e~ (t=t"**V/78 \whereVy=a+bVg andV,=bu. a%(t)ngZe‘z”Tf dt’dt"e!"/7e!" "H(t YH(t")
Calcium concentration is assumed to be governed by Eq. -
(1), therefore the average calcium concentration will be X[ POt ,t") — p°(t")p°(t")]
t , z t ’ "
<[Ca](t)>:geft/7JV dtret /1'< E Si(t,)> H(t,), 2922e72t/7f dtrdt/rH(t/)H(trr)et /‘ret /Tpoo(t’,t”)
— o i=1 — oo
(32)
—Z({[Cal(1))*. (36)
where( ) denotes averaging over the probability distribu- We can use the Bayes rule to rewritp®°(t,t’)
tion of s;(t). =p°°(t|t")p°(t’). There are two variables which we need to
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(c) At=+60 ms FIG. 7. Mean calcium tran-

sients (solid line) and their stan-
dard deviation(dash-dotted line
for different values ofAt, with Z
=10 andu=0.5. () At=10 ms,
(b) At=—10ms, and (c) At
std(tkal =60 ms. The remaining param-
N eters are as in Fig. 2. Note that the
peaks of the calcium transients
differ from that of Fig. 2 because

mean([Ca])

(aA)At=+10ms (b)At=-10ms 5
{ mean([Ca})
4 4 4
— - mean([Ca]) o
% 3 = Ei
S 2 [std([Ca S 2 S 2
LN g e 1
0 i TTE 0 T 0
0 100 200 300 0
time (ms) 0 100 2 300

calculate from the Markov process:(t) andp®°(t|t’). The
solution for p°(t) is given by Eq.(31). We define the time
t=0 as the beginning of the falling phas&+£0), ortP'®
=0. Further, we assume an instantaneous rise time. So
t<0, p°(t)=0 and att=0 p°(0)=u. Thus fort>0 p°(t)
:/,Le_t/TN.

Similarly, p°°(t|t’) is the probability of being in open

state at time given that the channel was in open state at time_ Cy(1)INZ.

t’. We calculate this for the casg’=0. If t’ >t this can be
solved in a similar manner tp°, since in this regime it is a
stationary Markov process, and must be a function tof (
—t’), and att=t, p°°(t=t’|t") = 1. During the falling phase
there is one directional movement fraoto u, sinceG=0.
Therefore, if we know that at tim& the channel is in an
open state, it must have been in an open state at anyttim
<t’. Therefore,

e~ (=t >y

|0°°(t|t’)=[ (37)

1: t'.

Note that this holds fort(t’)>0, and that by definition at
times smaller than zero the receptor is unbound. Hence,

/'Le*t/TN: t>t!

et (39)

p°°(t,t’)=|

t<t’.

This expression can now be substituted into &§), and by
using the linear approximation @{ we obtain an expression
for a%(t) that can be computed analytically. To aid in calcu-
lation we denote

o5(t)=Zug’e *"(Vay +2VoVia+ Vias)

—Z{[Cal(1))?, (39

where

t t

a]_:j dt,J dtnpOO(t/,tn)et’/ret"/'r(t), (40@
0 0
t t / _4pos

azzf dt/f dt//ef(t —t t)/TBpOO(t/’tH)’ (40b)
0 0

t t
az= J dt J dt'e (V') gt =t mepoog i )
0 0

Xet’/ret”h'@(t’_tP05()®(t”—tp°SI). (400

100 300

time%%?s) w andZ are different.

In Appendix A we analytically calculate the form of the
termsay, a, and a3. Although the analytical form is com-
plex, the consequences are simple and significant. To quan-

faify the dependence of the relative variability axt, we

compute the coefficient of variationCy(Z)=o,/{[Cal
X(t))z, where botH Ca(t), ando,(t) are measured at the
time t where ([Cal(t)), is maximal. As expectedCy(Z)
Thus the variability is significant only at rela-
tively low Z. In Fig. 7 we show([Ca](t)); and o, for At
=-10, 10, and 60 ms. In all cases both the mean apnd
change over time. The peak fCal(t)), for At=—10 ms
and At=60 ms are similar. However, the magnitude of the
variability, o, is significantly larger at\t=60 ms than at
At=—-10 ms.

When At<0, Cy is low and decreases ast—0 from
below. ForAt>0, C,, increases aAt increasesFig. 8). Itis
interesting to compare th€, for values of At<0 andAt
>0 which have similar peak calcium levels. For example,
for At=—10 ms, C,/(10)=0.34 and forAt=60 ms, which
has a similar peak calcium level,(10)=0.51. Therefore
Cy(Z=10At=60)/Cy(Z=10At=—10)~1.5. Because
Cy(Z)=Cy(1)/\Z, the relative amplitudes o, for vary-
ing At are independent df.

The variability of calcium transients also depends gn
(Fig. 9), decreasing aa increases, for alAt. The variableu
is the probability of glutamate binding to postsynaptic recep-
tors given a presynaptic spike, and can be taken to be the

e

—— 1,\1=50ms

—— T =75ms
—- 1N=100ms

0 50 100
At (ms)

FIG. 8. Coefficient of variation as a function dft for Z=10
and ©=0.5. Note that the variability decreases with increasing val-
ues of ry. Shown are the plots forry=50 ms (circle), 7y
=75 ms(squarg, and ry=100 ms(diamond.
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presynaptic probability of release. Thus, as the presynaptications on the outcome of downstream processes dependent
probability of release increases,, decreases. on calcium, such as phosphorylation or other second-
messenger cascades upon which plasticity relies.
Previously, several authors have simulated and analyzed
dynamical models of synaptic plasticity that can lead to
Calcium transients due to NMDA currents are believed toSTDP [9,12,14,15,31 These models typically bypass de-
play a major role in many forms of synaptic plasticity. We tailed descriptions of the physiology and biochemistry under-
have recently shown that a model based on these transier#ng synaptic plasticity. Recently, biophysical models have
can account for various different plasticity-induction proto-been receiving increasing focus0,11,13,16,3R These
cols [16]. In this paper, we computed analytically the cal- more mechanistic approaches have allowed one to show that
cium dynamics evoked by pairs of presynaptic and postsynvarious different induction protocols can be accounted for by
aptic spikes under different conditions, so that the variable& single set of assumptions regarding the dependence of plas-
that control calcium transients and impact synaptic plasticitytiCity on calcium concentrations6]. In these models, plas-
can be investigated. ticity is a highly nonlinear function of calcium concentration.
We showed that the peak of the calcium transients deTherefore, fluctuations of calcium transients will not only
pends on thet: for At>0, the peak concentration decays add spread to the resulting LTD and LTP but will also shift
with the time constanty of the NMDAR, and forAt<0, it their mean(the mean of the solution is not equivalent to the
decays with the time constants of the BPAP function solution given the mean calcium leyeFor example, in the
Vg(t). Therefore, if spike-time-dependent plasticity indeedunified calcium mode[16], the sign and magnitude of syn-
depends on the calcium transientg,and 75 will determine  @ptic plasticity is determined by a saturated U-shaped func-
the width of the pre-post LTP and the post-pre LTD win- tion of calcium concentration. When calcium falls below a
dows, respectively. These results were confirmed by simulgthresholdéy, no plasticity occurs, when it falls betweeg
tions, in which the approximations we used in the calcula2ndf,, 6,> 64, LTD is induced, and for calcium abow,
tions were relaxed. That dependence of the peak calcium LTP is induced. Thus, in the LTD region, if the spread of the
transient is similar in the more complex and realistic case§alcium is of the order ob,— 64, occasional LTP can still
where the BPAP dynamics is composed of a fast and a slofappen. We showed an explicit example for the casestof
component: the difference lies in thg <0 case, which now = —10 ms andAt=60 ms, where the mean peak calcium
depends on the combination of the two time constants. Theoncentrations are similar, but the variability for the latter is
two-component BPAP allows a sharper transition betweefarger. If this mean calcium is in the LTD range, it is likely
the post-before-pre and the pre-before-post STDP windowghat the observed phenomenon is that the LTD is stronger
which is further enhanced by a fast calcium dynamics. Weand more robust foAt=—10 ms than forAt=60 ms.
also showed that, besides the timing of the prespike and This work is based on several simplifying assumptions.
postspike, the peak values of the calcium transients also dd-is allows us a qualitative understanding of the aspects of
pend on the frequency of the presynaptic and postsynaptic calcium dynamics that are crucial for the induction of syn-
conditioning, increasing for greater valuesiofHowever, at ~ aptic plasticity. Incorporation of more realistic features, such
higher frequencies, the dependence dh decreases. The as those assumed in the unified calcium model, would prob-
amount of calcium built up at a given frequency depends or@bly yield quantitatively more precise results. For example, a
the system parameters; slower time constants results in mof®uble-component NMDAR decay would allow for more
temporal integration. Temporal integration of calcium tran-calcium build up without sacrificing the temporal asymmetry
sients as described here can explain why, in some cases, tRgtween pre-post and post-pre conditions. However, we be-
induction of STDP is frequency-dependent. lieve that, despite the constraints of analytical tractability,
One of the predictions of the unified calcium model is thatthis study can serve as a basis for future models that aim to
there exists a pre-before-post LTD for valuesAdf greater ~ formalize the biophysical basis of synaptic plasticity.
than those that elicit LTIPL6]. This has been shown experi-

VI. DISCUSSION

1.4

mentally by some investigatof&0]; others have only placed - At=+60ms
a small number of data points in this regit®21]. In all 12 ~e- At=+10ms
published STDP experiments, there is a large variability in . - At=-i0ms
the magnitude and the sign of synaptic plasticity across the

different values ofAt. It would therefore be difficult to as- ¢, 08

sess the existence of this type of LTD without a large amount 0.6

of data. The variability encountered in the experiments indi-

cates that it should be important to examine the variation of 04
the calcium transients, in addition to their mean. 0.2
We calculated the variance of the calcium transients and
82 0.4 0.6 08 1

showed that, for a small numbgrof NMDAR, this variance
can be quite significant. There are indications that the num-
ber of NMDAR in the dendrite is indeed smé&H-10) [30]. FIG. 9. Coefficient of variation foZ =10 as a function ofs, for
Further, we showed that ti®&, increases monotonically with three different values oAt: At=—10 ms(diamond, At=10 ms
At, for At>0. These fluctuations can have significant impli- (square, andAt=60 ms(circle). As u increasesC,, decreases.

1 (no units)
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0.15 wherer, 1=27"1— 1.
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FIG. 10. The error estimation for the linear approximation of the
‘H function. (a) The original’ function (dotted ling and its linear
approximation(solid line) in the interval[—70,—10] mV. (b), (c),
and (d) The calcium transients elicited by the pre-only, post-pre
(At=—10 ms), and pre-post\t=10 ms) conditions, respectively, pos ~ ~ -
for the full expressioridotted ling and for the linear approximation ~ @3=2€”" Iergra[ e 76— e me! o+ 610 (t-T). (Ad)
(solid line).

Finally,
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APPENDIX A: VARIANCE CALCULATION V-V
H(V)= e——o.rgga/, (BY)
Using the definition in Eq(408 through Eq.(40¢0 we 14—
obtain 3.57

t t whereV,e,=130 mV.
J dt’ | dt’e /el /7! Such functional dependence captures the qualitative non-
0 v linear dependence of the NMDAR on the voltage, although

the reversal potential for calcium might be inaccurate at the
() values close td/,¢,. In our analysis, we approximatéd as
being linear. The fit used is shown in Fig.(aD We see that
i over the relevant rangg—70 Q]) this is a relatively good
{f dt’e!/ 77, (el 72— et/ 72) approximation.
0 In panels(b)—(d) of Fig. 10 we compare the numerically
t extracted calcium transientdashed ling using the nonlin-
+f dt’ et /m2r(et'l7— 1)dt’}®(t) ear’H and the analytical results obtained for the linear ap-
0 proximation (solid ling). At rest[Fig. 1Qb)], the linear ap-
t proximation significantly underestimates the magnitudes of
e'2r,r(e"—1)— Tzf dt’et’/7 the transients, because this is where the linear fit deviates the
0 most from the true curve. However, in the working regime
([-10, 10 mV), the approximation can be considered ad-
O(1) equate.
Let Eq.(B1) be rewritten as{(v)=a+bV as in Eq.(7).
The parameters of linearization a@=0.1031¢ and b
=0.0015¢, whereg=—10 2 is the average NMDA con-
+(1o1a— 774+ T7)]O(1), (A1) ductance.

=

t ’
+f dt’ft dtrreft'/TNet'lret”/T
0 0

t t
+TJ' dt'et,/”—rf dt’et’/m
0 0

=[eV"4(ryr— Tyr4+ T74) — 2€Y 27,7
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